
MEG Source Estimation in the Presence of Low-Rank Interference
Using Cross-Spectral Metrics

David Gutiérrez∗, Arye Nehorai∗†, and Aleksandar Dogandžić ‡
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Abstract—We estimate a source current dipole at a
known location in the presence of low-rank interference
using magnetoencephalography (MEG). We present a
space-time processor for MEG data based on the gener-
alized sidelobe canceler (GSC). We extend the classical
vector beamformer to a matrix structure without making
any assumptions on the rank of the covariance matrix
of noise and interference, or constraint matrices. Fur-
thermore, we define the cross-spectral metrics (CSM) in
their most general form. The CSM method is known
to approximate the performance of the matched filter
for the case of unknown covariance matrix. In our case,
the CSM also allows to reduce the complexity of the
filtering problem without significant loss of performance
in the signal-to-interference-plus-noise ratio (SINR). Our
results show that good estimates of the dipole sources can
be achieved by only using a few eigenvalues, namely,
those corresponding to the largest CSM.
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I. INTRODUCTION

Sensor array processing techniques have been used to
solve problems related to space-time processing of neuro-
electric and neuromagnetic signals. These problems include
the localization of brain activity sources using electroen-
cephalography (EEG) and magnetoencephalography (MEG)
sensor arrays [1], as well as source signal reconstruction
and interference cancellation [2]. In this paper, we consider
the problem of source signal estimation using MEG when
the interference is low-rank. Interference arises in many
practical signal processing applications, and accounting for
its low-rank property may reduce the number of interference
parameters by an order of magnitude [3].

The theory of beamforming processing has been devel-
oped for radar or sonar applications where the response
of the array can be expressed in a complex vector form,
commonly referred as the steering vector [4]. However, in
the case of bioelectromagnetic measurements, the response
of the array to a dipole source corresponds to a collection
of space-time processors usually arranged in matrix form
(spatio-temporal matrix). Therefore, our goal in this paper

is to extend the classical vector processor to a more general
matrix form able to handle this specific case of array
processing.

Current methods for source reconstruction and inter-
ference cancellation often rely on eigenvalue decompo-
sition and principal component (PC) selection under the
assumption that the interference is low rank and its spatial
eigenvectors are different from the lead field of a brain
source of interest [5]. In this case, the eigenvectors of
the data covariance matrix related to such interference are
very different from any of the lead field vectors in the
source subspace. However, this assumption may not hold
for some interference with biological origins, such as eye
blinking, cardiac sources, or even background brain activity
(e.g. α waves) [6]-[8]. Then, problems may arise when
a signal eigenvalue is mistakenly swapped with the noise
subspace eigenvalues. Furthermore, the majority of current
methods use algorithms based on diagonal loading (i.e.,
adding a small positive quantity to diagonal elements of
the covariance matrix of interference and noise to make it
invertible [9]), which results in suboptimal solutions.

Here, we propose a different approach to low-rank in-
terference mitigation: instead of “forcing” the covariance
matrix to be nonsingular, we assume that it has a low rank
and use optimal filters [10] for this scenario. Specifically, our
technique uses a reduced-rank generalized sidelobe canceler
(GSC) [11], where the reduction of the rank is based in the
cross-spectral metrics (CSM) [12]. The GSC is a useful im-
plementation of the linearly constrained minimum variance
(LCMV) beamformer that allows to modify the principal
component approach to include signal dependency, and
provides insight to the rank-reduction and dimensionality
reduction problems [13]. In order to reduce the complexity
of the GSC, we propose to use the CSM method for
rank-reduction as it has been demonstrated that this metric
allows the dimensionality of the processor to be reduced
below the dimension of the noise subspace eigenstructure
without significant loss of performance in the signal-to-
interference-plus-noise ratio (SINR), and that the cross-
spectral subspace reduced-dimension processor can outper-
form the full-dimension processor when the noise covariance
is unknown, closely approximating the performance of the
matched filter [14].

In this paper, we extend the GSC and the CSM from the



classical steering vector expressions to a matrix form, and
apply the generalized rank-reduced processor to estimate
dipole source components with MEG data. In Section II,
we define our MEG measurement model under the presence
of additive Gaussian noise and pose the LCMV problem
for interference cancellation. In Section III, we define the
structure of the GSC and derive a general expression for
the SINR. This expression is used in Section IV to derive
the CSM, where we also define the reduced-rank GSC.
The applicability of this processor to a typical MEG array
system is shown through numerical simulations in Section V.
Finally, in Section VI, we discuss the results, limitations, and
further work.

II. MEASUREMENT MODEL

Consider the case of measuring the magnetic field outside
the head produced by L dipole sources with moments
q
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]T , for l = 1, . . . , L. Assume that the

sources change in time and remain in the same position θ

during the measurements period. This assumption holds in
practice for evoked response and event-related experiments.
Then, MEG data is collected by an m-element sensor array
at time samples t = 1, 2, . . . , N . Let Yk denote the m × N
spatio-temporal data matrix obtained from the MEG sensors
at the kth trial, for k = 1, 2, . . . ,K, where K is the number
of independent experiments. Then, the measurement model
is given by

Yk = A(θ)Qk + Ek, (1)

where A(θ) is the m × 3L array response matrix,
Qk = [q

1
T , . . . , q

L
T ]T at the kth trial, and Ek is the

noise and interference matrix (considered to be arbitrary but
constant between trials). Assume that the measurements are
taken in the presence of zero mean Gaussian noise uncor-
related between samples. Using a vector representation, we
can rewrite equation (1) as

vec(Yk) = yk = [IN ⊗ A(θ)]vec(Qk) + vec(Ek). (2)

Define ek = vec(Ek), we can then express the covariance
matrix of the noise and interference as R = E[eke

T
k ]. Now,

for the case of unknown R, we can obtain a consistent
estimate of this covariance matrix as
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yky
T
k
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Our goal is to estimate the dipole components for a given
location θ. Define C = IN ⊗ A(θ), and let F be a desired
matrix response. Then, we can pose the following LCMV
filtering problem

Ŵ = min
W

WT R̂W subject to CT W = F. (4)

This equation is an extension to the conventional vector array
processor defined in [16].

III. GENERALIZED SIDELOBE CANCELER

The generalized sidelobe canceler allows us to reformu-
late the structure of the constrained beamformers in an
unconstrained structure with the standard form of a Wiener
filter [4]. The GSC is also important as it allows us to easily
derive the CSM.

The structure of the GSC is shown in Fig. 1. Here, W0
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Fig. 1. Structure of the generalized sidelobe canceler.

corresponds to the homogeneous solution of the beamformer
(the one that satisfy the pass constraints), q 0 is the main-
beam response, C⊥ is an mN × mN− rank(C) blocking
matrix whose columns are orthonormal to C, x 0 is the
blocking response, and Rx0

= E[x 0x
T
0 ] = CT

⊥
R̂C⊥. Note

that the term Wq = R
–
x0

CT
⊥

R̂W0 = R
–
x0

Rx0q0
corresponds

to the Wiener-Hopf solution, where Rx0q0
= E[x0q

T
0 ], and

(·)
–

denotes the generalized inverse. In our case, the Wiener
solution is slightly more general as we don’t make any
assumption on the rank of the matrices. Therefore, we can
handle the case where R̂ is singular, which will happen for
example, if K is small compared with mN . We can also
allow the case of low-rank C, which may happen when
oversampled point constraints are used.

A. Signal-to-interference-plus-noise Ratio

Consider now a matrix operator B = [W0, C⊥]T

transforming the data prior the Wiener filter, i.e.
ỹ = By = [qT

0 ,xT
0 ]T . Using B, we can convert our GSC

to an equivalent structure corresponding to the Wiener filter.
This will allow us to easily compute the SINR of the GSC.

Let

U = BW0 =

[
WT

0

CT
⊥

]
W0 =

[
WT

0 W0

0

]
. (5)

In the above expression we used the fact that W0 depends on
C. In our specific case, we use W0 = C(CT C)

–
F , where

F = I , which makes the GSC equivalent to the LCMV
beamformer [13]. Note that, due to the orthonormality
between B and C, the lower block of the matrix U is
canceled.

Let SINR = tr
{

UT R−1
ỹ U

}
, where Rỹ = E[ỹ ỹT ] and

tr{·} is the trace operator. Therefore,

SINR = tr

{
UT

[
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Rx0q0
Rx0

]−1

U

}
. (6)



Defining the power of the conventional beamformer output
as P0 = WT

0 R̂W0, and using the partitioned matrix lemma,
we can rewrite the SINR as

SINR = tr
{

WT
0 W0

[
P0 − RT

x0q0
R

–
x0

Rx0q0

]−1
}

. (7)

IV. CROSS-SPECTRAL METRIC

To compute the CSM, we need to express the SINR in
(7) in terms of the eigenvalues and eigenvectors of Rx0

.
However, we need to define a specific generalized inverse
to be able to define the eigendecomposition. Then, we use
the Moore-Penrose inverse, denoted as (·)+, and rewrite the
SINR as

SINR = tr

{
WT

0 W0

[
P0 − RT

x0q0
R

+
x0

Rx0q0

]−1
}

. (8)

The spectral decomposition of R
+
x0

is given by

R
+
x0

= V D
+
V T with V T Rx0

V = D. (9)

In the above expression, D is a diagonal matrix whose first
n diagonal elements λ1, λ2, . . . , λn, are the eigenvalues of
Rx0

in decreasing order, and V = [v 1 v2 · · · vn], where
v i, i = 1, 2, . . . , n, are the orthonormal eigenvectors of Rx0

corresponding to λ1, λ2, . . . , λn. The Moore-Penrose inverse
of D is defined as D+ where

λ
+
i =

{
1/λi if λi �= 0
0 if λi = 0

. (10)

Finally, the eigenvalue decomposition of R
+
x0

is given by

R
+
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= V D
+
V T =

n∑
i=1
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i v iv

T
i . (11)

Substituting eqn. (11) in (8), we have

SINR = tr

WT
0 W0

[
P0 −

n∑
i=1

λ+
i r ir

T
i

]−1
 , (12)

where r i = RT
x0q0

v i.
Then, the quantity Γi = λ+

i r ir
T
i is our matrix CSM (we

will denote it as mCSM). We can also define a scalar CSM
(sCSM) as

γi = λ+
i tr

{
r ir

T
i

}
. (13)

A. Reduced-rank GSC

An approximate expression for Wq can be obtained using
the decomposition in (11):

W̃q = R̃
+
x0

Rx0q0
=

∑
j

v jr
T
j

λj
, (14)

where the summation index j contains the values of i
corresponding to the J largest values of γi in descending
order. Note that the largest γi not necessarily correspond to
the largest eigenvalues. However, by basing our selection on

the J largest sCSM, we obtain a more efficient reduced-rank
processor (greater SINR for a given rank J ≤ N − 1) than
the PC method [15].

V. NUMERICAL EXAMPLES

We examine the performance of a reduced-rank GSC
using simulated MEG data. We used an array of m = 37
electrodes located on a sphere of radius 10.5 cm with a single
sensor at the top position and 3 rings at elevation angles of
π/12, π/6, and π/4 rad, containing, respectively 6, 12, and
18 sensors equally spaced in the azimuthal direction.

To simulate the sources, we used two dipoles located at
a distance of 1.34 cm. The dipole source components are
defined as q1 = [0.7ρ1, 0.7ρ2, 0]T and q2 = ρ3[0.7, 0, 0.5]T ,
where the magnitudes ρ1, ρ2, and ρ3 are allowed to change
in time according to

ρ1(t) = 10e−(t−100)2/112

− 5e−(t−80)2/172

, (15.a)

ρ2(t) = 5e−(t−80)2/82

− 10e−(t−100)2/112

, (15.b)

ρ3(t) = 10 sin(0.07πt), (15.c)

all with units of [nA·m], and t in milliseconds. Similar
models has been used in previous research (see e.g. [17]-
[18]) as they approximate a typical evoked response. Then,
we sampled these signals at a rate of 2 ms thus obtaining
N = 100 samples for our computer simulations. Note
that q2 has harmonic sinusoidal waveforms and acts as an
interferer source.

To generate the measurements, we used the forward
solution of the MEG spherical radial field described in [19].
Then, we added uncorrelated (in time and space) random
noise, distributed as N (0, σ2) with σ = 35 fT. Finally, we
repeated this process with independent noise realizations to
obtain K = 100 trials.

Under these conditions, we applied the reduced-rank
GSC to estimate the dipole source components. In a first
step, we computed the sCSM and chose those with the
largest magnitudes. The results showed that, for our specific
problem, the largest sCSM corresponds to the eigenvalue
located in the 36th position.

Now, using the expression (14) with j = 36, we ap-
proximated the value of Wq using only one eigenvalue-
eigenvector, i.e., the one with the value γ

36
, which is the

largest among all the values of γi. With this approximation,
we obtained the estimates of the dipole source components.
The tangential magnitudes (since MEG is radially silent) of
the dipole sources, as well as their estimates, are shown in
Fig. 2. Clearly, the approximation based in the largest CSM
provides with a good estimate of the sources.

VI. CONCLUDING REMARKS

We applied a reduced-rank GSC for the case of estimating
the dipole source components using MEG data. The GSC is



0 50 100 150 200
−5

0

5

10

q 1x
 [n

A
 m

]

Dipole components

0 50 100 150 200
−10

−5

0

5

q 1y
 [n

A
 m

]

Time (ms)

0 50 100 150 200
−10

−5

0

5

10

q 2x
 [n

A
 m

]

Interference components

0 50 100 150 200
−2

−1

0

1

2

q 2z
 [n

A
 m

]

Time (ms)

Fig. 2. Tangential magnitudes of the dipole moment and interference
source components. The original moments are shown in dash-dotted line
and the estimates in solid line.

a useful implementation of the LCMV filtering problem that
includes information about signal dependency and provides
insight to the rank-reduction problem. Our rank-reduction
procedure was based on the CSM, which we defined in
a general matrix form. The CSM technique allows us to
reduce the subspace dimension of our processor while
approximating the performance of the matched filter. In
our particular case, this rank-reduced processor showed a
good performance in estimating the source components in
the presence of interference. However, the CSM method
is still limited to the eigen-basis arising from Rx0

, which
is not directly influenced by the spatio-temporal matrix.
Then, future work should look to alternative ways to remedy
this shortcoming. Other areas of future investigation include
continued research into the performance of different low-

rank beamformers using the CSM as benchmark, as well
as extensions and modifications with greater robustness to
mismatches in the spatio-temporal matrix.
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